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A CLOSED SYSTEM MODEL FOR TARGET ACQUISITION

The fundamental problem of Target Acquisition is to lccate the de-
sired target providing the necessary parameters or coordinates to enable
:the weapon to fire upon the target with a maximum probability of a hit.
It is well known that the weapon itself is not absolutely accurate and
that its rounds will fall within some probability distribution. Further-
nore it is known that any sensor device, in locating the target will also
locate the target to within some probability distribution.

It is the purpose of this report to consider the nature of the
%>tobability distribution in locating the target through three basic

ietliods for detection, and to consider a proposed closed system eﬁploying

reapon, detector and target for estimating this cwmulstive probability

listribution.
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TARGET LOCATION BY DIRECTION ONLY

The simplest means of locating a target is by means of determining
"its5 direction from twe fixed points relative to a referénce coordinate
%system. The intersection of the lines of sight then gives the target
j‘locat:ion. In practice this procedure is complicated by a number of fac-
tors which introduce errors in the final target location. Obvious error
producing factors are: A
1) Inaccurate knowledge of location of detection devices
a) distances between detectors only approximate
b) reference coordinate directions not necessarily in-
variant or easy to use due to curvature of earth, mag-
netic declination. etc.
2) Error distribution in reading direction
a) 1instrumentation errors built into the system
b) operator errors
Further errors will be introduced in the target location 1if
3) The two detectors are nearly on a line with the tarjct.
4) The base line between detectors is '"small" compared to the
distance to the target.
'A modeling of this type is {llustrated in Figur. I. The angles « and B are
determined from observation and the length of the base line B between the
itarget location devices TL1 and TL2 is presumed known. The distance D from
TL1, for exsmple, can be obtained from an application of the Law of Sines
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giving

D B - B
sing " sin (180 - @ - B) sin (@ + B)

Figure 1

1f we introduce errors in the length of the base line and errors in

|

the reference angles a and 8, the distance D can only be approximated.

Let AB be the error in the length of the base line and Ax, 48 be the errors
‘ in measuring the length of the basc line. These errors may be positive or
| negative. To a first order approximation, the distance from TL1 to the tar-

get is given by

B sin B f 4B cos ga+£2 sin o
D= sin (a0+8) l~1 +‘§- " 8in (a-8) & + sin B sin (a+8) AB] '

This is the distance to the target from TL1 and it still remains to locate
the target relative to the weapon.

The shape cf the probébility distribution locating the target in
general 411l be elliiptical. The orientation of the error ellipse will

depend on the distances to the target from both target locator devices
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‘and the relative directions. In a subsequent section the orientation of

probability ellipses will be considered.
In passing, it should be observed that the angle @ and B as indicated

in the figure can be relative, tha. is if TL1 can see the target and TL2,

the angle a is the difference in directions.
TARGET LOCATION BY RANGE ONLY N

If the target location device is capable of measuring range but not
of determining direction (to any sensible degree of accuracy), two devices
will again be needed. In this modeling structure, the three sides of a !
Friangle are measured or known. It is possible that the base line will
actually be measured by the devices but could be an actual survey distance.
This situation .~ illustrated in Figure II, where again the measure of
ranges vill ha e a péébability distribution which in general will be a
function of the range of operatign. Again the target will be located to
within some prcbability ellipse. The orientation of the probability ellipse

will again depend upon the relative locatious of the target locating devices.

Figure II
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For a compl:te description of the target location, an angle « is
needed. Let Rl and R2 be the ranges as determined by the target locators
TL1 and TL2, then the angle o can be determined from the Law of Cosines to

get

2 2 2
B” + R1 - R,

cos & =
ZBR1

If B, R1 and R2 arc. determined to within erroxs of 4B, AR1 and ARZ’ this

value for thc cosine will be determined to a first order approximation by

B2 +r2-R2 AR
cos o = 1 2 1&-—--.@ +
ZBR1 " R B
w B Ry
Rl B BRI

Again it should be observed that the errors may be positive or negative.
TARGET LOCATION BY RANGE AND DIRECTION

In the event that the target location device can sense range and
direction as mnst electromagnetic systems can, a single unit is all that
is required for locating the target. This modeling structure is indicated
by Figure II1L. It is to be anticipated that range errors and azimuth er-
rors will in general be different, giving rise to a probability ellipse with

one of the axes in the ' radial direction from the target location device.

" For the previous models suggested, this orientdtion of the probability el-

lipse would not be known without considerable computation. Not onIy‘is the
orie..tation of the probability ellipse known, but also the lengths of the
\ﬁémi-major axes can be assumed to be proportional to the range and azimuth

erross.



Figure III

TARGET ACQUISITION SYSTEM MODEL

It was initially stated in this pager, that the problem of Target

- Artuisition was that of locating the target in such a way as to provide

adequate information for the firing of the weapon yielding the maximum prob-

_ ability of striking the target. In designing the following model, the

premise has been made that the problem of target acquisition does not in-

volve the accuracy of the sensing device alone, but also the capability of

the weapon using the information (a communication problem in part) and lastly

the weapons accuracy capability. The distribution of error resulting from
the target acquisition device has been briefly discussed in the preceding
sections, and a familierity of some wecapon accuracy problems is assumed.
Let us now briefly consider the problem of weapon capability of using the
seasor information.

FunZamentally the torget acquisition device locates the target rela-
tive to the device with reference to some coordinate system. In order to
get usable information to the weapons, its location must be known relative

to the target locator. This meaus that both the target locator and weapon
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imust be using the same coordimate system (or at least know exactly the
irules of transformation of one to the other). This presents a source
.of error to the acquisition system which on occasion has been referred
?to as a bias. This error involves distance and direction, which on com-
?puting the target location relative to the weapon, influence the resulting
acéuracy.

A closed system consisting of a) the target acquisition devi-e,
i(radar, laser, IR, etc.) b) the weapon and communication link and c¢) the
‘target, is proposed as a model for a target acquisition system. The tar-
get acquisition device locates both the target and the weapon relative to
itself. The line joining the weapon and target lccation device then serves
‘as the reference line for locating the direction to the target. This
modeling structure is analyzed in the next section to give an analytical
?appraisal of the error ellipse of the distribution rounds fired at the
target. |

Within the context of the material considered in this paper, it may

‘be desirable to reformulate the question of target acquisition to include
it:he more general problem of system analysis to determine whether the proba-
bility of striking the target is sufficiently high to warrant firing at it.
;The question can be answered in part from a knowledge of the probabilities
'qf'"seeing“ and isolating ihe target location yielding sufficient informa-
:tion to the weapon so that the probability of striking within the radius

of destruction can be determined. The implicit errors of the weapon are

also brought into this analysis. .

t
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THE SURFACE DISTRIBUTION OF TARGET ACQUISITION ERRORS

Within the framework of the foregoing target acquisition model, the

line connecting the Target Locator and the Weapon will be taken as the base

or reference line.

It will also be assumed that the errors of the Target

Locator Device, TLD, and the weapon will be proportional to ths distance.

The basic configuration of the system {s shown in Figure IV.

The noﬁation to be
RT =» Range to
RN = Range to
RB = Range of

Standard

Standard

b
. A Standard

S |

B Standard

Rw

Figure IV

employed 1is as follows:

Target from Target Locator

Weapon from Target Locator

Ballistic (calculated range, weapon to target)

deviation of target loeator‘rgnge error divided by range
deviation of target locator azimuth error divided by range
deviation o{ weapon range error divided by range

deviation of weapon azimuth error divided by range f

(x,y) = The coordinates of a point about the center of the distribution.

Utilizing this notation, we see that the locatiom of the weapon would

be within some probability allipse, K., given by -



sz RWZA_ xz,az + y2/b2

In this particular case the equation of the ellipse is in standcrd form,
since the reference or base line is the radial iinec from the Target Locator
to the weapon.

The probability ellipse governing the target location is compiicated
‘Sy a problem of rotation since it 1s assumed that the Locator determines
range and direction, hence one axis of the ellipse must lie in the radial

direction. In this case a probability ellipse will have the shape determined

by

2 _ 2 xzcolze+ 2xy cos O sin 9+‘y2 31n29
Kk R = 3 +

a

xzoinzﬁb- 2xy sin O cos § + y2c0020

bf

A third probability ellipse is introduced when one considers the errors
implicit to the weapon itself. As a first approximation in determining the
orientation of this ellipse it can be assumed that R, and the angle § ar~

correct. The equation is then given by

5 2
Ky By ®

xvcoozﬂ‘+ 2%y cos @ sin § +4yzatn2¢
2
A

zzst-z - sin § cos § + 2coo2

+

an equation functionally the s..me as the ellipse equation for the target
location. Furthermore, the prubability ellipse for ti.: weapon location is
also of the same form, however, @ = 0,

From basic theoretical statistical considerations, it follows that the

probability density of a target being '‘aéquired" by the system is
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3 | 2. 2 2
f -[(217) ab RW .‘RT RB AB-I exp [- (l(w + Koo+ KB )]
where the K's are found from the preceeding equations. By stating that the
target is "acauired," it is meant that the target has been detected and the
weapon has fired at it striking within the radius of lethality of the parti-

cular warhead being used.

The Composite Probability Ellipse

Unless the range and azimuth errors are equal, the composite probability
¢llipse about the target cannot be expected to be circular or to have any

particular orientation. A basic problem of acquisition then becomes the de-

termination of the orientation and shape of the error ellipse about the tar-

get location. This information is obtained from an analysis of the exponents
given in the foregoing probability density.

| Each of the prooability or error olllpus can be described by means of

a tpnction of che form

O

2 Q

K (an; @, .l ‘9 R)‘ =

| x2 cos2 unz 2x 1 1

=3 |= wﬂ—‘ +—-§ =3 -3 llu'cu'-o-yq! +—-2-!.
R" | o ) [ a ]

vhere

Ky =K (6y; a, b, 0, R

KTz - Kz (x,y; a, b, 8, RW)

’KBZ - K2 (x,y; A, B, ’9 RB)

The exponents of the probability density cén now be written
|

+G (,y; 8, 5, A B, 0, 8, R, R, R)«f ®,’+ nrz + xaz)
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R 1 + 1 cosze + sinze + 1 [cos™® sinzo !
* a2 2 F a2 b R 2 Az ’ B
" T S T |
+2xy cosesine (1_2 . _1_2_) + cos¢sin¢ LZ 1_2)]
L 'I‘ 2 B A
2 1 1 sinze + c0329 + 1 lsinzﬂ cosz¢
HRAN w2 e 2 o2 RzlAz 2
| PRy Ky B

The angle @ is a variable derived from the initial data supplied as in
the range RB. It would be preferable to remove either or both of these

variables from the equation. From the faw of Cosines it follows that

Z-Rw2+RT2- ?.RwR,rcos 8.
However, the functional form of the above probability ellipse, G, will
\
be easier to consider if this substitution is net made. From the Law
of Sines
sin § = R, sia o/ LY
e
and hence
cos § = (llw - RT cos 0)/ RB'
Under this notational change we now have

G (fDY; a, b, A, B, 6, RW' RTD RB)

2 2. 2.1]
- x° | cos8 + si,nze) b ('(ka-rc“e) . Ry ;in ev,.‘
) 2Ry’ ;'? a b F P
¢ 050 [ 1 1 RT(RU - R cosG) )
+2xysin® ( ) (_ ) __)
e R i
| 2 2 251n29 (R~ 089)2
+y2 oLl 1 (sin 9 4 o8 L + L Ry . Ryy-Rpcos
LTt b" ;:; A 2
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The General Probability Ellips~

Ihe general probability ellipse was giveh as

2 2,2
. 2 (R, -R_.cos8) R_“ain“§
2 kS i
G(x,y) = 3 " 21 S+ 1 (cos “8 + sin 9) + 14L( Rw‘RT +\‘T =
' RT R
B

(34
R

a Rw b2 Az - 3
s2ny steo| €258 (L - L] Sa&Rees®
’ 2 2 R_%sin’9 (R, ~R c038)2
2l 1 1 |[sin’® . cos®s 1 [Rr RvRr :
Wil =Z3tr 3 Ayl B 7 + 7
bR, Ry b Ry | A B

The angle of rotation necessary to put this into standard form with an

axis parallel to the base line 1is

: R (Rw-R”cose)

cosB [ 1 1 T T 1 1

2 sin) =5~ 7-—5)+ T (—7-—5)
Ry la b Ry A B

‘tan 2 =
(1 1 )( 1 . co ( ) R, RTcosG) - Ry, 2sin ﬂ
=2 7*‘7) =2 -2 i
) ’ SR Xs _l

Since a, b, A and B are fixed parameters within the system, this expression

can be simplified by setting
| m=- LS ' Mw 1 . l! v
| R Al

It should be observed that m and M are fixed parameters of the svstem,

| {.e. for a given system are constant. The foregoing equation c&n now be

written
2 sin 6|® cose MR, (RW - RTcosG) .
RT‘ o
N NP [mu-krco-% R7ein? ]
=t 2
[Rw Ry ] | Rg

| ' Lengths proportional to the semi-minor axis T and semi-major axis

r, of the general probnbiiity ellipse are given by



\ 1'1a2
G ] 1 1 1 1 1 1
:-2--(-—5{-—2) (';-2-1";2') +—3 (:i'i-?)'ﬁtlin
i \Ry Rpy Ry
wheré ¢,, =+ 1, €., = -1 and

2
2 2l_(1 1) 4 cos“9 M
D =m -—_ . + +
b y R 7.2 -3
LR Bp Rv Bp Ry
2mM ®R.2 + R 2c0s20)( 6)2 + R,%sin 20 (R_s1nd) ( 0)
] Ry FW-COS R, - Rycos )7+ R, “sin (RTS nd) R -R cos

Rw Rr Ry
- (&rz + szcos 28) (RTsinG)ZJ .

According to some working papers of Patricia L. Milic an elliptical error

£

[dlstribution can be approximated by an "equivalent' circular destruction

The equivalent standard deviation for the composite distribution is given
2 1

e al ] ]

The circular probable error is obtained by multiplying @ by 1.1774.

c

To simplify the discussion it can be assumed that the range and
azimuth errors are proportional, {.e.
a = kb A = KB.
In general it can be anticipated that the range errors will be the larger

and hence k, K are greater than 1. Under this notation the variance 02

becomes

For ease in estimating the parameters m, M and 32 the following

table is supplied



‘k -11(—2.1 -::24-1
1 0 | 2
2 -0.7500 1.2500
3 ' -0 8889 1.1111
& 2 .0.9375 1.0625
5 -0..9600 1.0400

For the distribution to be truly circular it is necessary that D
vanish. This can happen if and only if
1) wm=M=0, The special care of circular distribution errors within
the original components of the system.
2) Mw0, Ry = R, @ = /2. This is a very specialized case and will
be briefly considered in a subsequent paragraph.
3) The cross product term has the same magnitude but opposite sign
#; the terms in mz and Mz.
The third condition see..~ to be the most promising. In order to investi-
éate the behavior of the cross product term in D factor (RTZ + szcos 20)

out of the equation leaving a quadratic form in (Iu - ch010) and RT sind,

namely, 2
2R “sin 20

(R, - RTcoj.)z +~;;§-:-;;!:;:-;; R, - lrcolﬁ)(grsinl) - (Rrpini)z;

This quadratic form has as its discriminant
o2 22 2
(Ry” + Ry ) - (2Rl sind)
2, .2 N
(RT + R, cos )
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'which will be positive excepting the special case of 8 = 1/2 and

'RT = Rw for which it vanishes. Since the discriminant is positive, it
has real and unequal zeros, hence the quadratic form takes on both posi-
tive and negative values.

The third condition as listed for an error distribution to be cir-
‘cuirlar cannot be expected to be satisfied except in very special situations.
One thus concludes that the error distribution will be elliptical in shape
with the orientation depending upon .

a) range and azimuth error characteristics of the TLD

b) range and azimuth error characteristics of the weapon

c) angle with vertex at TLD measured from weapon to target

d) © range from TLD to target and to weapon
&nstead of investigating the general case, some special configurations will
be considered with their resulting simplifications.

Case I. Weapon and Target are located on the base line generated
by the TLD. In this configuration sin 8= O and the rotaiional term vanishes.

If the target and the weapon are on the same side of the target locator
RB -t (RT-- Rw) and cos 9=1, The functioq G(x,y) representing the prob-
ability ellipse now becomes

2l 1 1 1 1 2l 1 1 1
Glx,y) = x 1(‘7*7)*._ 2 z]”‘ "2(“‘3*"7)
AL R L

1
2.2
(RW-RT) B .

+

Obviously Rw = RT must be excluded, but this means that the target cannot
be at the weapon. The condition for the error pattern to be circular

becomes
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2

2 2?2
Ry +Pw") m

2 (H'z"‘sz) (Rw“Ri'r)z"'" M
—I &t w2 2 7 +
Ry Ry BrRp By Ry

7 =0

‘This can be satisfied only if meM«Q, i.e. the error distributions are
initially circular.
If the target and the weapon are on opposite sides of the TLD,

.cos 6= -1 and now RB = RH + R,. The function representing the probability

ellipse is
21 [ 1 1) 1 I
CGny) = x »‘—z(—'z*‘—’z) P | Y —z(—'z*‘—z)
RS R werpta | BT R Ry
1 n
+ .
(R+R) B

Another special case corresponds to placing the TLD at the weapon to

.givé an error ellipse of

-
1 21 1 2 {1 1
53(x,y) = x + +y +
=[] i)
This erroxr ellipse is of minimal dimensions of all possible configurations.
Case II.The second special case to be considered has the target at
right angles to the base line from the weapon. This iﬁpoaes the analy-

tical conditions that
Jcon B RfRy s #10 =VORS) My R >Ry

which converts the quadratic G(x,y) to

2
LR ey S ST Ay yuy Sy 5
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+ 2xy

i

2 2
Rw‘/(}‘fr:“"w)(_l__ 1)
2 2" 2
RT a
4 4 4
42 Ry + Ry A(R Rw> ““RT ;
YT +224

Lb Rw&r aAR R Rw)

since RB2 ] RT2 - sz. A more detailed investigation of this special

—
o

configuration will not be considered.

Case ITI. This case is similar to the Case II, now however, the
weapon aud Target are located at right angles relative to the Target
' 2 2 2

Location devise. Now however, cos 8 = 0 and RB = RT + Rw .
B AZR
2 1 1 Rw +

G(x,y) = x 3+ =33+ 33 Z
ARyt bRy ATB@R, +Rw):-

(Rr "'Rw) A B
2ﬂ+ARw
2 1 1 Rp
+y 2*22*2?2
bRw R,"  AB (Rg “‘w

The condition for a circular error distribution, reduces for his

particular case the vanishing of

22
(RT mz 2mM + M2
73 "3 7 -
TRW Rp Ry Ry Rp

This 1s possible, for example, 1t vanishes if the weapon has a circulariy
distributed error, M = 0, and RT - Rw. There are other situations for
which this expression may vanish. However, all of them form some rather

special situation which in general cannot be expected to be satisfied.



19
Case IV. As a fourch and last special case to be considered iet
@ = /3 and R, = Rp. It follows that RB:- Rw - RT = R and hence
2
RZG(x,y) -—}(—l-s_+.3__+.];_+.?_
4 2 2 2 2
©a b B

g

This ellipse will 'iave an axis parallel tc¢ the base line if

a=? + A'2 = b2 + 8'2.

In general however it will be necessary to rotate through an angle

given by 11 N 1 1 N
N a2 ) b2 Zi B2
tan 20 = ,/3 (}_.- l.) - (17 _l_)
a2 b2 A B2

Should the further condition be satisfied that a = A and b = B, this

rotation amounts to a 45° angle.

Swnmarz

The general problem of target acquisition involves the problem of
determining the location of the target, transmitting this data to the
weapon to be employed and ultimately "acquiring' the target by "hitting" o
it. In the foregoing pages of this report, the attempt has been made
to analyse the cumulative errors in acccmplishing the above mission. As
a model tor field operation, it has been proposed that not only the tar-
get, but also the weapon employed be located relative to the Target locating
devisz. Such a model inherently gives a reterence line from which all
computations can be made, removing any bias introduced by survey errors

in attempting to plot the various components of the system on a map.

s i Tl el e pa 3 S e S 1A RS VI R I IO SV D TN L5 ey R
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Thus, a methodology of target location has been developed which
if utilized will greatly simplify the location problem and define ac-
curacy restrictions in locator devices. It has been shown that the

circular probable error for any such system can be approximated by

— * -%
1./1774 L (1 +_17) % + "li) b s (1 + _1_2_)
NZ: b k Ry B Ry K

in which b and B are the controvlling locator and weapon error parameters

respectively.
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